
S T R U C T U R E  O F  A V I S C O U S  I S O E L E C T R O N  T H E R M A L  D I S C O N T I N U I T Y  

IN A P L A S M A  

V. S. I m s h e n n i k  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  Vo l .  9 ,  No.  1 ,  

p p .  1 3 - 2 5 ,  1968 

The structure of a plane stationary shock wave in a dense high- 
temperature plasma has several distinguishing features. These features 
have mainly been described and studied in [1-4] (also see survey[5] ). 
As has been demonstrated in these studies, the structure of a shock 
wave in a plasma is discontinuous for rather large Mach numbers: 
within the wave, there is a jump in the ion temperature, density, and 
velocity of the plasma (the electron temperature remains constant). 
The importance of radiation in this case reduces to some effect on the 
conditions for formation of the discontinuity if, of course, the photon 
mean free path is considerably greater than the particle mean free 
path. This discontinuity is naturally called a viscous isoelectron ther- 
mal discontinuity. 

The basic mechanism responsible for compression and heating of 
the plasma ion component in this discontinuity is plasma viscosity, 
due almost completely to ion collisions. In this article we consider 
the structure of a discontinuity with allowance for this basic factor, 
i. e , ,  the ion viscosity of the plasma. In this manner we can obtain 
many analytic results and can analyze the problem in general form. 
There is physical :iustification for ignoring another dissipative process 
in the plasma-ion component, i. e . ,  ion heat conduction. Heat con- 
duction (Prandtl number Pr ~ 2.75 "t) has a very minor effect on the 
already diffuse viscosity of the discontinuity region, and qualitatively 
it has no effect on the characteristic picture. This problem has been 
considered in [6] for the general case of an ideal gas; in this book, it 
was noted that because of heat conduction the gas entropy within the 
discontinuity region is nonmonotonic, reaching a maximum at some 
intermediate point. In our problem, the total entropy, consisting of 
the sum of ion and electron entropies, has a maximum within the dis- 
continuity even when ion-heat conduction is not allowed for, because 
electron entropy dear ly  decreases in the discontinuity. 

AIiowing for the small thickness of the region of viscous discon- 
tinuity (on the order of the particle mean free path Zi) in comparison 
with the characteristic scale of the structure of the shock wave in the 
plasma (on the order of M / m e ) l / a l  i ,  where M and m e are respectively, 
the ion and electron masses [3]), we can ignore the change in electron 
temperature as well as the energy exchange between ions and elec-  
trons (due to collisions) in the problem in question. Thus, theproblem 
of the structure of a viscous isoelectron thermal discontinuity reduces 
to our finding the stationary solution to a system of three nonlinear 
differential equations defining the velocity,  density, and ion tem- 
perature of the plasma. We immediately note that this problem dif- 
fers considerably from the simpler problem of a viscous discontinuity 
in an ideal gas [7] because the plasma-electron component makes a 
significant contribution to the pressure gradient owing to change in 
density. 

The detailed structure of a shock wave has already been essen- 
tially determined, even without the above approximations, in articles 
[8-10] which are devoted to a theory of pinch effect in a plasma and 
which employ numerical methods to solve a nonstationary system of 
equations. However, to understand several physical problems (for ex- 
ample, electrostatic polarization of a plasma in a shock wave) it is 
useful to have clearly defined results from the simplified stationary 
solution. Without going into a derivation and analysis, reference [10] 
gives some of the formulas which wiI1 be obtained below and which 
were used in calculations of the pinch effect. No new arguments are 
given with regard to the applicability of the Navier-Stokes approxi- 
mation used to the problem of shock-wave structure, at least with re- 
gard to a more consistent kinetic description (see, for example, [9,10] 
where these problems are treated in some detail). 

w 1. I n t e g r a t i o n  o f  t h e  e q u a t i o n s  f o r  t h e  s t r u c t u r e  o f  

a v i s c o u s  i s o e l e c t r o n  t h e r m a l  d i s c o n t i n u i t y .  W e  w r i t e  

t h e  e q u a t i o n  o f  m o t i o n  f o r  a p l a s m a  and  t h e  e q u a t i o n  

f o r  h e a t i n g  o f  t h e  p l a s m a  i o n  c o m p o n e n t  in  t h e  p l a n e  

s t a t i o n a r y  c a s e ,  a l l o w i n g  f o r  o n I y  i o n  v i s c o s i t y  [3, 8] 

f r o m  a m o n g  t h e  d i s s i p a t i v e  p r o c e s s e s ,  a n d  l e t t i n g  7 = 
= 5 / 3 :  

dv dp 4 d 
9v ~ _ f Z  + T_f~z ( ~ dv ~ = - -  -Jx-x )" (1.1) 

3 k dT  k ,,~ dp 4 ( dv ~2 (1 .2)  

Here p is the plasma density, v is the plasma velocity, 
T is the ion temperature, k is the Boltzmann constant, 
and # is a nonlinear coefficient of viscosity of the 

plasma ion component. Below we consider only a com- 
pletely ionized plasma. Then, according to kinetic 
theory [11], 

--= B ( kT )  ~ .=- 0.81M'/~ e -~" Z -~ L -~ (kT)V,  , (1 .3)  

w h e r e  e i s  t h e  c h a r g e  on  an  e l e c t r o n ,  Ze  i s  t h e  c h a r g e  

on  p l a s m a  i o n s ,  a n d  L i s  t h e  C o u l o m b  l o g a r i t h m .  T h e  

p l a s m a  p r e s s u r e  p w h i c h  i n c l u d e s  t h e  e l e c t r o n - c o m -  

p o n e n t  p r e s s u r e  f o r  t h e  s p e c i f i e d  c o n s t a n t  e l e c t r o n  
t e m p e r a t u r e  00 i s  g i v e n  b y  

p ~ k M - ' p  ( T  -I- ZOo). (1 .4)  

A c c o r d i n g  to  t h e  c o n t i n u i t y  e q u a t i o n  

p w ~  p0v0 ----- m,  (1 .5)  

w h e r e  P0 i s  t h e  i n i t i a l  d e n s i t y  mhead  o f  t h e  d i s c o n t i n u -  

i t y  a n d  v 0 i s  t h e  s h o c k - w a v e  v e l o c i t y .  F o r  t h e  s y s t e m  

o f  e q u a t i o n s  ( 1 . 1 - 1 . 5 )  w e  m u s t  f i n d  a s o l u t i o n  b o u n d e d  
a t  i n f i n i t y .  

We  a l l o w  f o r  (1 .5 ) ,  a n d ,  a s  w e  k n o w ,  E q .  (1 .1)  h a s  
t h e  f i r s t  i n t e g r a l  

p + m y  -~- Pc -}- m v o +  ~/3 btdv/d x .  (1 .6)  

We  s e t  kM-1Z00  = C,  e x p r e s s  k M - 1 T  in  t e r m s  o f  

p i p ,  a n d  s u b s t i t u t e  i n t o  E q .  ( 1 . 2 ) ,  e l i m i n a t i n g  p w i t h  
t h e  a i d  o f  ( 1 . 5 ) :  

~ v ~ . q  - z p  v / dx = y p \ c t x  / . (1 .7)  

S u b s t i t u t i n g  p f r o m  (1 .6)  a n d  d p / d x  f r o m  (1 .1)  i n t o  

(1 .7 ) ,  w e  o b t a i n  a n  e q u a t i o n  in o n e  u n k n o w n  f u n c t i o n  
v = v ( x ) :  

dv dv Cm dv 
-~ (p,, + my0) ~ - -  4 m y  + (1.8)  dx ~; d:~ 

d (  d~) 
+ 2 d ~  ~ v ~ -  = 0 .  



Upon in t eg ra t i on ,  Eq. (1.8) y i e ld s  the second  i n t e -  
g r a l  of the p r o b l e m :  

~/: (Po + mvo) (v - -  Vo) - -  2m (v~ - -  vo ~) - -  (1.9) 

- -  Cm in V/Vo ~ 2 ~tv d v / d x  : - O .  

If we obtain an e x p r e s s i o n  for  p d v / d x  f r o m  (1.9) and 
subs t i tu t e  i t  into (1.6), the p r e s s u r e  p at any point  wil l  
be def ined in t e r m s  of the ve loc i ty  v at th is  point:  

P : - -  rnv + T ( p o  ~- mvb) (5 v~~ - -  2) ~- 

(1 .1o )  
4 m (V 2_v0u)~_ 2 Cm, v 

+ ~ - T  T-T-  m -~/" 

F o r m u l a  (1.10) can be given in some  o the r  f o rm  if  
the p r e s s u r e  ahead of the d i scon t inu i ty  P0 is  e x p r e s s e d  
in t e r m s  of the v e l o c i t y  ahead of the d i scon t inu i ty  v~. 
F r o m  (1.9) we have 

4 2 Cm In v~ (1.11) p o - ~ m v o : ~ m ( v ~ + v o ) - ~  5 ~'~--vo vo ' 

for  the condi t ion d v / d x  = 0. 
Then with (1.11) f o r m u l a  (1.10) can be conve r t ed  

to the fo rm 

4 m 2 
P : - - , ~ w  T - ~ - - ~  (Vl + VO) (Uo- -  T v) + 

= i ~ (v~ __ v J )  + 
(1.12) 

2 m (  2 )  C ~ 2 C m ,  v 
+ T T  v " - - T v  ~ - - v o l n  - H T T  ' n T T '  

The p r e s s u r e  pl behind the d i scon t inu i ty  i s  given by 
(1.12) if we se t  v = vl: 

4 2 Cm l n ~ .  (1.13) p~ = - -  mv~ + -~ m (v~ + Vo) -~ 5 ~ - -  vo ~'o 

On c o m p a r i n g  (1.11) and (1.13), we see  that  b e c a u s e  
the  Hugoniot condi t ion is s a t i s f i e d  m o m e n t u m  is  con-  
s e r v e d  th rough  the d i scon t inu i ty .  

Fo r  fu ture  use  we in t roduce  the d i m e n s i o n l e s s  quan-  
t i t i e s  

y ~ -  P t = k i C k ZOo 
mvo ' -M y ~ ' (~: ~ M Vo "z ' 

Y 

YO 

A c c o r d i n g  to (1.12), the d i m e n s i o n l e s s  p r e s s u r e  is  

4 ( l -~u~)( i - -~# ,u)  

(1.14) 

(1.15) 

+ 4 u 2 - - t  2 ~ i - - 2 / W l n u l ~ 2  ~.2_lnu. 
Y - - u - - ~  3 u ~ - - I  ' 3 u 

S i m i l a r l y ,  Eqs.  (1.11) and (1.13) y ie ld  

2 ~ In u~, ~o = - - t  + ~ ( t  + u~) + 

4 2 
n~ : - -  u~ + -5- ( t  + u~) + -5- ~ i n  U 1 . 

With (1.14), (1.15), and (1.4), we obta in  the fo l low-  
ing e x p r e s s i o n s  for  the d i m e n s i o n l e s s  ion t e m p e r a t u r e  
t =  ~u - ~:  

1 ~ 8 ui)7 J t = y [ u  + 4 U l - - - K u ( l - 4 -  § 

2 . __ 2 lnul [~ 2 
+ ~[--i + y l n u ~ - y ~ U - - T ~ ) ] ,  (1.16) 

I ( f ~ u l _ _ l ) _ ~ _ q ) ( _ _ l  _i 2 l n u ~  
to • T ~ 5 ul--  i / '  (1.17) 

i (-- I 2 ul In u_~ 
t 1 : ~ - u l ( 4 - - u l ) - ~ q 9  ~- 5 u l - - i / "  (1.18) 

To comple t e  the  so lu t ion  to the p r o b l e m  it  is  s t i l l  
n e c e s s a r y  to find the fo rm of the function u(x). This  
can be done with r e l a t i o n s h i p  (1.9) by t r e a t i n g  i t  as  a 
d i f f e r e n t i a l  equat ion for  the i n v e r s e  function x(u). He re ,  
of c o u r s e ,  we a s s u m e  that  u(x) is  a monotone funct ion 
of the x - c o o r d i n a t e  (this wi l l  be p roven  r i g o r o u s l y  b e -  
low). In t roduc ing  the unit  of length  

Xo = i_ BMV~vo5 : 0.81 MSvos 
m e4ZaL (1.19) H $  

and the d i m e n s i o n l e s s  coord ina te  ~ = xx0 - i ,  we obtain 
f rom Eq. (1.9) and (1.3) 

d~ 
du 

utS/2 
= ( i _ _ u ) ( u l _ u ) _ X / 2 c ~ ( u _ _ i ) ( u l _ i ) _ l l n u l t l A ~ l n u . , - - v , t l . ~ m  

It is  n e c e s s a r y  to subs t i tu te  p(u) f rom (1.16) into 
(1.20) and i n t e g r a t e  i t  f r om 1 to u~. Here  ~ v a r i e s  f r o m  
_o~ to +0% Rela t ions  (1.16) and {1.20) basicaI~ly contain 
a so lu t ion  to the p r o b l e m  posed .  Fo r  ~ = 0, t he se  r e -  
l a t ions  r e d u c e  to f a m i l i a r  e x p r e s s i o n s  and, if the v i s -  
co s i t y  coef f i c ien t  does  not depend on t e m p e r a t u r e ,  Eq. 
(1.20) is  i n t e g r a t e d  in e l e m e n t a r y  funct ions [7]. 

2. Qual i t a t ive  s tudy.  P roo f  of the  ex i s t ence  and 
monotonic  na tu re  of the solut ion.  In d i m e n s i o n l e s s  
v a r i a b l e s ,  the p r o b l e m  is c o m p l e t e l y  def ined by our 
spec i fy ing  two quant i t i es :  the d i m e n s i o n l e s s  e l e c t r o n  
t e m p e r a t u r e  ~ and the i n v e r s e  va lue  of c o m p r e s s i o n  
in the d i scon t inu i ty  u 1. We can show that  t he se  quan-  
t i t i e s  a r e  not c o m p l e t e l y  independent .  R e s t r i c t i o n s  on 
the change in ~ follow f r o m  the obvious inequa l i t i e s  

t o , O ,  Q ~ t o ,  ( p ~ O .  (2.1) 

The second  inequa l i ty  m e a n s  that  in the d i s con t inu -  
i ty  the ion component  is  hea ted .  In addi t ion,  we note 
tha t  th is  wil l  a l so  be a n e c e s s a r y  condi t ion for  the i n -  
c r e a s e  in p l a s m a  e n t ropy  in the d i scon t inu i ty .  F r o m  
r e l a t i o n  (1.17) and the f i r s t  and th i rd  inequa l i t i e s  in 
(2.1) we have 

0 ~ ~ ~ ~I~ (4u~ -- i) U(ux) U ( a l ) : t - -  2 lnul ' 5- u l ~ - -  i" ( 2 . 2 )  

In d e r i v i n g  (2.2) we took account  of the  p r o p e r t i e s  
of the function U(ul). In the i n t e r v a l  1 /4  _< u 1 < 1, th is  
funct ion i n c r e a s e s  mono ton i c a l l y  f rom 0.26 to 0.60. 
Consequent ly ,  the denomina to r  in (2.2) is  pos i t i ve  in 
th is  i n t e r v a l  of change in u 1. We can v e r i f y  that  the 
second  inequa l i ty  in (2.1) i m p o s e s  a weake r  r e s t r i c t i o n  
on the quant i ty  (p, i . e . ,  i t  i s  s a t i s f i e d  if i nequa l i t y  
(2.2) is  s a t i s f i ed .  In fac t ,  the second  inequa l i ty  l e a d s  
to the condi t ion 

~ ' ~ - - 2  in u, ( 2 . 3 )  



I t  i s  p o s s i b l e  t o  p r o v e  t h a t  

V s ( 4 u ~ - - l )  ~ t - - u ~ "  
U (u~) ~ -----SF~u ~ ( 2 . 4 )  

A l l o w i n g  f o r  ( 2 . 2 ) ,  i n e q u a l i t y  ( 2 . 4 )  c a n  b e  w r i t t e n  a s  

i - -  u i  ~ + 2 u t  In  u i  ~ 0.  ( 2 . 5 )  

A s  c a n  e a s i l y  b e  s e e n ,  t h i s  i n e q u a l i t y  h o l d s  f o r  

i .  e . ,  e v e n  f o r  a w i d e r  r a n g e  of  c h a n g e  i n  u l .  

We note  that  in p r inc ip le  the condit ions to -> 0 and ~o _> 0 permi t  

solutions in which very  h igh  compression is involved ,  when U(ul) < 

< 0, i . e . ,  for ul 0. Here ~ must  c l ea r ly  be greater  than the r igh t -  

hand s ide of (2.2). The condi t ion t 1 _> t o prohibits this solut ion,  be -  

cause to prove that  this solut ion is not  possible we must  prove the re-  

verse i n e q u a l i t y  to (2.47, i . e . ,  we aga in  arr ive  a t  (2.5). 

T h u s ,  t h e  r e g i o n  o f  e x i s t e n c e  f o r  a s o l u t i o n  i s  

T h e  s h a d e d  r e g i o n  i n  F i g .  1 r e p r e s e n t s  t h e  r e g i o n  

o f  e x i s t e n c e  o f  a s o l u t i o n .  C l e a r l y ,  w e  h a v e  

.fi (u , )  = ~/~ (4u i  - -  i ) / U  (ut).  ( 2 . 6 )  

We can  show tha t  throughout the  region of ex is tence  t is a mono-  

t on i ca l l y  decreas ing function of the va r i ab l e  u. We d i f fe ren t ia te  (1.16) 

with respect  to u: 

d ~ = - 5 -  " - - Z  - ( i + u ~ ) _ + ~ - ~  ~ T . ~ - - t ]  (2.7) 

Al lowing for the obvious inequa l i t i e s  

t 2 In u~ 
u 5 u ~ - - i  >/O" (u~) > O' 

we can  int roduce a majoran t  function,  set t ing ~o = ~0ma x = ~Cl(ul): 

2 ( I 2 In ul 
(~) = 3- 'q  (~) t ~ ~ ~T---i) + (2.8) 

+ 32__[u 4 + u , ) ]  dt --;-(i >~ -~-s 

Consider the values  of ~(u) for ex t r eme  values of the a rgument  u. 

First l e t  u = 1. Then,  from (2.6) and (2.87, we obtain 

(t) = 0 (2.9) 

/ 
/ 

Qs ~8 

F i g .  1 

Moreover, le t  u = ui; in the same manner ,  we obtain 

2 u~ ~ - -  t - -  2u, !n u, 
1~(~) = i5~r g (~ )  ~<0. 

(2A0) 

The sign of this tas t  expression is obtained from (2.8). Therefore,  

the de r iva t ive  d t / du  at  ex t r eme  points of the in te rva l  u (u = ui and 
u = 1) is not  pos i t ive  and at  the point  u = u 1 i t  is essent ia l ly  negat ive,* 

Throughout the in te rva l  u z < u < 1 the de r iva t ive  d t /du  is a!so not 
posi t ive.  This follows from the expression for the de r iva t ive  of the 

function r From (2.8) we obtain 

~' (~) = - -  %~-~h (~) -i- %.  (2.11) 

In accordance  with (2.11), the function ~0(u) can  decrease  for u > 

> ul ,  beginning with its nonposi t ive  va lue  p = u 1. Then for u = u c = 
1/z 

= [] l (ul)]  the de r iva t ive  ~'(u) vanishes and ~0'(u) _>_ 0 unt i l  u = 1, 

i .  e . ,  ~(u) increases mono ton ica l ly  from the m i n i m u m  va lue  of ~(Uc) 

to the zero va lue  of p(1) = 0. If, however,  u c < u l ,  ~(u) increases  

mono ton ica l ly  only from ~(ul) to r = 0. 

T h u s ,  w e  h a v e  s h o w n  t h a t  throughout t h e  r e g i o n  o f  

e x i s t e n c e  o f  t h e  s o l u t i o n  t h e  i o n  t e m p e r a t u r e  i s  a 

m o n o t o n i c a l l y  d e c r e a s i n g  f u n c t i o n  o f  v e l o c i t y :  

d t / d u % 0 ,  , V l ~ u ~  t ,  t / 4 ~ u ! % t ,  ( 2 . 1 2 )  

0 < ~ ..< h (u~). 

We demonst ra te  below tha t  the function u(~) in (1.20) also proves 

to be a mono ton i ca l l y  decreas ing function throughout the region of 

ex is tence .  To do so, i t  is necessary and suff ic ient  for us to show that  

the denominator  in the r ight -hand side of (1.20) is nega t ive  everywhere 

(u 1 < u < 1), with the  excep t ion  of the l i m i t  points u = 1"and u = u 1, 

where i t  vanishes. Thus, we show that  the function 

Z (u) = ( t - -  u) (u~--  u) - -  q~ u - -  1 2 u r - - t  lnul"4-  l n u < O ,  (2.13) 

throughout the in te rva l  i > u > u 1. The first derivatiw~ • is rep- 

resented by the s imple  quadra t ic  function 

z" (,,) = 2. - (, + ~ ) -  ~ ( - .  ~-~ + .,ln~'~-- ,/" (2.14) 

It follows from (2.14) that  for u > 0 the equat ion  X'(u) has two and 

only two ex t rema  for any va lue  of ~0: 

l [ ~ In u~ ] 
u+ ----4-L(I + u l ) - ~  2 u ~ - - t j  --~ 

(2.1.5) 
_ ~  I n , ,  ] 2 _  ~_}, , , .  

* { l @ [ ( ' + ~ r ) +  2 m - - i j  

We can show that  the d i sc r iminan t  of expression (2.157 is pos i t ive  

when 1 /4  _< u I _< 1, and ~o is any pos i t ive  number; thus, both roots u i 
are rea l  and posi t ive.  

From the def ini t ion of the function • i t  follows that  X(u) ~ 
~ ( r  in  u ~  --~ as u ~  0, and that  X(u) ~ u ~-* + ~  as u ~ .  

Moreover, the function • has at  l eas t  two of the zeroes indi-  
ca ted  above:  u = u 1 and u = t .  In such a case,  the ex t r ema  c lea r ly  
cannot  be inf lec t ion  points;  the lef t  ex t remum (u = u_7 must  neces-  

sar i ly  be a m a x i m u m  where X(u_) >_ 0, and the r ight  ex t r emum (u = 

= u+) must  be a m i n i m u m  where • -< 0. Moreover,  a t  least  one of 

the ex t rema must be loca ted  between two known zeroes of the func 
t ion • I t  is now clear  tha t  u < u I is a necessary and suff ic ient  

condi t ion  for i nequa l i t y  (2.137 to be sat isf ied.  However,  accord ing  to 
the above  the inequa l i ty  •  < 0 is comple t e ly  equ iva len t  to this 
condi t ion.  The fact  that  the condit ions u < u t and • < 0 are 

*The equa l i t y  sign in (2.10) must  be omi t t ed  s ince  in (2.57 i t  appl ies  
to the case ut = 1; here  r  d t / du ,  with the excep t ion  of a s ingle  
unessent ia l  po in t  (see Fig. 17 where ,a = f1(17 = I s imul taneous ly  with 
Ul= 1. 



equivalent can be proven formally. With (2.14) we write the condition 
X'(Ul) < 0 in the explicit form 

1 lnul  
ul - -  l -~ x/2opV (ul) < O, V (ul) = ~ u~ -- 1" (2.16) 

It is easy to see that the inequality V(ul) _> 0 is satisfied over the 
entire range of change in ul.* Then inequality (2.16) leads to a restric- 
tion on the parameter ~ from above: 

q: < 2 (1 -- uD/V (ux). (2.17) 

The proof will then be completed by the inequality 

q:max = Ix (Ul) ~ f~ (Ul ) ,  

1 2 ( u D = 2 ( l - - a i )  i V ( u 0 ,  l h ~ u l ~ < l  

(2.18) 

The functions ]x(Ux) and f~(ul) are defined in (2.6) and (2.18). 
Inequality (2.18) states that the values of the parameter ~ which 

have physical meaning are smaller than the upper limit set by in- 
equality (2.17). Inequality (2.18) is the easiest to justify, by com- 
paring graphs of the functions fi(ui) and fs(ui). These graphs have 
been calculated with sufficient accuracy. This comparison can be 
made by examining Fig. 1. Essentially, both graphs differ little from 
the simple-linear functions between the limit points u a = 1/4 and n i = 
= 1 for which inequality (2.18) is obvious. 

T h u s ,  i t  h a s  b e e n  s h o w n  t h a t  ~ / d u <  0 f o r  1 > u > 

> u 1, 1 / 4 <  u 1 -  1,  0 < q~_< f l (Ul ) .  T h e  f u n c t i o n s  f3 (u l )  
a n d  )~ (u j) a r e  a l s o  p l o t t e d  in  F ig .  1. T h e  f u n c t i o n  q~ = 

= f3(ul )  m e a n s  t h a t  t h e  f i n i t e  ion  t e m p e r a t u r e  and  t h e  

e l e c t r o n  t e m p e r a t u r e  t 1 = ~ a r e  e q u a l ,  i . e . ,  t 1 = ~9 

w h e r e  t i i s  g i v e n  b y  (1 .18) .  S i m i l a r l y ,  t h e  f u n c t i o n  99 = 

= j~(u  l) f o l l o w s  f r o m  t he  f a c t  t h a t  t h e  i n i t i a l  i on  t e m -  

p e r a t u r e  a n d  t h e  e l e c t r o n  t e m p e r a t u r e  t o =- q~ a r e  e q u a l ,  

i. e.  , to = q~ w h e r e  t o i s  g i v e n  by  (1.17) .  P h y s i c a l l y ,  

t h e  m o s t  i n t e r e s t i n g  r e g i o n  t o < ~9 < t 1 i s  l o c a t e d  b e -  

t w e e n  t h e s e  two l i n e s  and  i s  r e p r e s e n t e d  in  Fig .  1 b y  

t he  c r o s s - h a t c h e d  r e g i o n .  A b o v e  t h i s  r e g i o n  t 1 < ~p a n d  

t o < q? a n d  b e l o w  t h i s  r e g i o n ,  c o n v e r s e l y ,  t 1 > q~ a n d  

t 0 > ~ .  
We s u m m a r i z e  t h e  q u a l i t a t i v e  i n v e s t i g a t i o n  of t h e  

s o l u t i o n .  F o r  a l l  v a l u e s  of t he  p a r a m e t e r s  u 1 a n d  q? 

w i t h i n  t h e  l i m i t s  1 /4  _< u 1 _< 1, 0 -< ~0 _< f l ( u l )  any  i s o -  
e l e c t r o n  t h e r m a l  d i s c o n t i n u i t y  h a s  a v e r y  s i m p l e  c o n -  

t i n u o u s  s t r u c t u r e .  T h e  v a l u e s  f o r  t h e  c o m p r e s s i o n  and  

ion  t e m p e r a t u r e  i n c r e a s e s  m o n o t o n i c a l l y  in  t h i s  s t r u c -  

t u r e  o v e r  t h e  e n t i r e  t h i c k n e s s .  We no t e  t h a t  t h e  s p e c i f i c  

r e l a t i o n s h i p  b e t w e e n  t he  v i s c o s i t y  c o e f f i c i e n t  and  i on  

t e m p e r a t u r e  r e f l e c t s  o n l y  t h e  e f f e c t i v e  t h i c k n e s s  of t he  

d i s c o n t i n u i t y  ( t h i s  a p p e a r s  in  t he  n u m e r a t o r  of  Eq.  
(1 .20))  bu t  h a s  no e f f e c t  on  a n y  of t h e  s t a t e m e n t s  m a d e  

i n  t h i s  s e c t i o n .  

w 3. E l e c t r o s t a t i c  p o l a r i z a t i o n  of a p l a s m a  in  a n y  
i s o e l e e t r o n  t h e r m a l  d i s c o n t i n u i t y .  F r o m  t h e  B o l t z -  
m a n n  k i n e t i c  e q u a t i o n s  we  c a n  o b t a i n  an  e x p r e s s i o n  

f o r  e l e c t r i c - c u r r e n t  d e n s i t y ,  u s i n g  t he  s a m e  a p p r o x i -  
m a t i o n  as  f o r  t he  v i s c o s i t y  t e n s o r .  As  i s  k n o w n ,  t h e  
b a s i s  f o r  t h i s  d e r i v a t i o n  i s  t h e  C h a p m a n - E  n s k o g  m e t h o d .  

T h e  f o l l o w i n g  e x p r e s s i o n  c a n  b e  o b t a i n e d  f o r  t h e  c u r -  

r e n t  d e n s i t y  in  a o n e - d i m e n s i o n a l  p l a n e  c a s e  w i t h  no 
m a g n e t i c  f i e l d  a n d  n o n z e r o  d e n s i t y  and  t e m p e r a t u r e  
g r a d i e n t s  [12]: 

a(Z)(~'O) % e , <t0 
', (3.1) 

H e r e  L i s  t h e  C o u l o m b  l o g a r i t h m , r  e i s  t h e  e l e -  

m e n t a r y  e l e c t r i c  c h a r g e ,  a (Z )  and  b ( Z )  a r e  f u n c t i o n s  

of Z (a = 1 , 2 ,  b = 1.7 f o r  Z = 1, and  a = 2 . l / Z ,  b = 2 .5  
f o r  Z >> 1). In d e r i v i n g  r e l a t i o n  (3 .1) ,  e l e c t r o n  i n e r t i a ,  

d e v i a t i o n s  f r o m  q u a s i n e u t r a l i t y ,  and  ion  m o t i o n  w e r e  

a l l  i g n o r e d .  R e l a t i o n  (3.1) was  a l s o  o b t a i n e d  in  [13] f o r  

m o r e  g e n e r a l  a s s u m p t i o n s  a s  to t h e  s t a t e  of t h e  p l a s m a ;  

in  t h i s  a r t i c l e ,  a s y s t e m  of  t r a n s p o r t  e q u a t i o n s  f o r  b o t h  
p l a s m a  c o m p o n e n t s  w a s  d e r i v e d  d i r e c t l y .  D i f f e r e n c e s  

in  ion  a n d  e l e c t r o n  t e m p e r a t u r e s  and  in  ion  m o t i o n  

w e r e  a l s o  c o n s i d e r e d  in [13]. A c c o r d i n g  to  [13],  Eq .  
(3.1) c o n t a i n s  t h e  e l e c t r o n  t e m p e r a t u r e  i f  0 ~ T.  E q u a -  

t i o n  (3.1) a l s o  c o n t a i n s  t h e  e l e c t r i c - f i e l d  s t r e n g t h  E = 

= E(x) .  I t  i s  q u i t e  c l e a r  t h a t  t he  s t a t i o n a r y  e l e c t r i c  

p o l a r i z a t i o n  of  t h e  p l a s m a  is  found  f r o m  t h e  c o n d i t i o n  
j = 0 .  

T h e  e l e c t r i c  f i e l d  in  t he  s t e a d y  s t a t e  c a n  now be  
f o u n d  i f  we u s e  r e l a t i o n  (3.1):  

k@ rip kb (Z) d@ 
E o ( x )  e~ dx e dx (3.2) 

T h e  e l e c t r i c  c h a r g e  d e n s i t y  i s  found  f r o m  the  P o i s -  
s o n  e q u a t i o n $  : 

t dEo 
Pc~ : 4~ dx (3.3) 

L a t e r  we a p p l y  r e l a t i o n s  (3.2) and  {3.3) to  t he  c o n -  

d i t i o n s  f o r  a v i s c o u s  i s o e l e c t r o n  t h e r m a l  d i s c o n t i n u i t y .  

In t h e  f i r s t  c a s e ,  d 0 / d x  = 0 and  0 = 00; in  t he  s e c o n d  

c a s e ,  i t  i s  c o n v e n i e n t  to  e x p r e s s  a l l  q u a n t i t i e s  in  d i -  

m e n s i o n l e s s  v a r i a b l e s .  T h e n ,  b y  i n t r o d u c i n g  t h e  q u a n -  
t i t i e s  [ ,  t ,  and  q?, E q s .  (3 .2) ,  (1 .5) ,  and  (1.20)  now 

y i e l d  

Eo (~) = E~ (~), E ~ - -  kOo / exo,  (3.4) 

8 ( ~ )  = =  (t  - -  u)  (u,  - -  u)  - -  1/~ ~ (u - -  t )  (u~ - -  1) - 1 1 n  u, -4 

a - I  

. (3.5) 

By d i f f e r e n t i a t i n g  (3 .4 ) ,  w e  c a n  o b t a i n  f r o m  (3.3) an  
e x p r e s s i o n  fo r  t h e  e l e c t r i c - c h a r g e  d e n s i t y :  

pc0 (~) ~-~ p O a (~), pe ~ ~--- E~ a (~) --~ d~/d~.  (3.6) 

T h e  e x p r e s s i o n  f o r  (r(~) c a n  b e  w r i t t e n  e x p l i c i t l y  in  

t e r m s  of u and  t i f  we u s e  (1 .16)  and  (1 .20) .  

* The inequality V(Ul) _> 0 is satisfied for a wider range of change 
0 < u 1 ~ 1, similarly to inequality (2.5). This is a consequence of (2.5) 
because the elementary transformation u 1 = x 2 reduces it to the form 
1 -- x z + 2x 2 lnx _> 0 which clearly exists when (2.5) is satisfied. 

U n d e r  o r d i n a r y  g a s - d i s c h a r g e  c o n d i t i o n s ,  L ~ 20, b e -  

c a u s e  in  t h i s  c a s e  L i s  d e f i n e d  i n  [ 12 -13 ]  as  b e i n g  
t w i c e  t he  v a l u e  of t he  C o u l o m b  l o g a r i t h m  (L = 2 Gk35) .  

$ As  we  know,  in  d e r i v i n g  Eq .  (3.1) f o r  j we c a n  i g n o r e  
t h e  s p a c e  c h a r g e  Gk41 p e as  l ong  as  i t  i s  s u f f i c i e n t l y  
s m a l l .  In t h i s  c a s e ,  i t s  v a l u e  s h o u l d  b e  d e t e r m i n e d  f r o m  

(3.3) [13]. 
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With r e l a t i ons  (3 .4-3.6)  we ver i fy  that  the e l e c t r o -  
s ta t ic  energy  can be ignored  in compar i son  with the 
t he rma l  ene rgy  of the p l a s m a  (this fact is made use of 
in de r iv ing  the bas ic  equat ions)* and that the re  is j u s -  
t i f ica t ion  for a s s u m i n g  the p l a s m a  to be q u a s i - n e u t r a l .  
It is easy  to see that  the uni t  of length x0, defined by 
re la t ion  (1.19), is equal to the effect ive m e a n  f ree  path 
of ions with the d i m e n s i o n l e s s  t e m p e r a t u r e  t on the 
order  of uni ty  (x 0 = 0.81M2~/n0e~ZtL) and with the i n i -  
t ia l  p l a s m a  densi ty .  The r e l a t ive  devia t ion f rom q u a s i -  
neu t ra l i t y  is obtained f rom {3.6): 

Ap _ M p e  ~ D e 
r~ eZpo v ( ~ ) u ( ~ ) = ( Z - - '  f ) ~ v ( ~ ) u ( ~ ) ,  (3.7) 

where we in t roduce  the Debye r ad ius  

___ [ ~OoM 1%. 
J (3.8) 

If, in addit ion,  we in t roduce  the average d is tance  
between p l a s m a  pa r t i c l e s  

d = [(Z + t )po M-~]-v:, (3.9) 

condition (3.7) can be r e p r e s e n t e d  in a somewhat  dif-  
fe ren t  m a n n e r  by e l imina t ing  x0: 

p (0.~i)"- (4:~p Z + 1 -D- 

Throughout  the reg ion  of ex is tence  of the solut ion 
q~ _< 1. The re fo re ,  in (3.10) there  is a sma l l  factor  in 
front  of the d i m e n s i o n l e s s  funct ions ,  which in o rder  of 
magni tude  is not g r ea t e r  than (d/D) 6. The c h a r a c t e r -  
i s t i c  ra t io  d /D  appears  in u n i f o r m - p l a s m a  theory  and 
its magni tude  is s m a l l e r  the c lose r  the p l a s m a  is to an 
ideal  gas ,  i . e .  , the lower the e l ec t ros t a t i c  ene rgy  of 
the mic ro f i e ld s  is in compar i son  with the t h e r m a l  en -  
ergy.  It is na tura l  to expect the ra t io  of the e l e c t r o -  
s ta t ic  ene rgy  to the t he rma l  ene rgy  of the p l a s m a e l e c -  
t ron component  to coincide in order  of magni tude  with 
e s t ima t e s  (3.7) or (3.10). It is easy  to ve r i fy  this d i -  
r e c t l y  with r e l a t ions  (3.4) and (3.8): 

wrW~ __ Eo2(~) / 38-n--  (~-#O0Z~__~T_) '-~ -- Z+I3 x~=/}~ 8~ (~)u (~)' (3.11) 

2 and by r e m e m b e r i n g  that eef ~ ~ef, accord ing  to 
(1.20), (3.5), and (3.6). 

Under o r d i n a r y  condit ions when Z = 1 and L = 20, 
the ra t io  d /D ~ 10-1; in any case ,  it is known to be 
l e s s  than uni ty  for a r ea l  pla sma.~  If we take the ra t io  
d /D = 10 - j ,  Eq. (3.10) yields  the c r i t i ca l  value for the 
d i m e n s i o n l e s s  product  ( A p / p  ~ 1): 

t~ (~) u (~)l, ~ [(~ (~)t. ~ 108'~ -~. (3.12) 

It is convenient  to use this  type of r e l a t ion  to j u s -  
tify the in i t ia l  equat ions for desc r ip t ion  of the p l a s m a  
(as well as the method for ca lcu la t ing  the e l e c t r o s t a t i c  
field). 

For the condit ions used,  we m u s t  have 

I ~ (~)t ~ I cx (~)l, ~ lOSq o-~:. (3.13) 

To complete these estimates, we show that the 
steadiness condition j = 0 is also satisfied when the 

c r i t e r i a  der ived  above are  rea! ized.  By v i r tue  of the 
equation for cont inui ty  of the e l ec t r i c  charge ,  the e l ec -  

t r i c - c u r r e n t  densi ty  Jk = v0pe0(~). We take the ra t io  of 
this c u r r e n t  to the f i r s t  t e r m  in exp res s ion  (3.1), us ing  
(1.19), (3.4), and (3.6): 

a (Z) (k0~J "i~ . -~- ]-1 
/k" ~ 7  L0(~)| = (3.14) 

r~e ~e" L ] 

\ i )  

From (3.14) it is clear that in general this ratio is 

also small if d/D is small. 
Thus, in a viscous discontinuity, we can justify 

ignoring plasma polarization in hydrodynamic equa- 

tions (1.1-1.4). Although polarization has almost no 

effect on the hydrodynamic and thermodynamic quan- 

tities, it is of considerably physical interest in itself. 

For example, we can consider particle acceleration 

within the discontinuity. To do this, we estimate the 

potential difference AW at the viscous discontinuity. 

According to (3.2) and the isothermicity condition 

i i~  (3.15) ;~'0o in p~ i,'Oo [ri :h, 
, \  ~b" = - -  liod.~ = -7- p~- . . . . .  7 

--co 

the potent ia l  d i f ference  is bas i ca l ly  de t e rmined  by the 
e l ec t ron  t e m p e r a t u r e .  It is c lear  f rom (3.15) that if a 
charged pa r t i c l e  ove rcomes  this  potent ia l  d i f ference 
its ene rgy  changes by a value equal to the average  
e lec t ron  t h e r m a l  ene rgy ,  if Z ~ 1. This  ene rgy  in-  
c r e m e n t  will occur  over a length on the o rder  of the 
mean  free path of the p Iasma ions. We can now con-  
elude that p l a sma  pa r t i c l e s  cannot be effect ively ac-  
ce le ra ted  under  such condi t ions ,  although for a m u l t i -  
charge p l a s m a  this p rocess  is more  s ignif icant .  Of 
course ,  in addition to the e l ec t ro s t a t i c  field, it is also 
of i n t e r e s t  to s tudy the poss ib le  e l ec t romagne t i c  r a d i -  
ation of a shock wave in a p lasma.  However,  this ef -  
fect depends not only on the s t r uc t u r e  of the viscous  
discont inui ty .  It is also governed by the en t i r e  con-  
f igura t ion  of the shock wave in space and bythe  p r o p e r -  
t ies  of the env i ronment .  We can only indicate  here  the 
highest  f requency  (in o rder  of magni tude)  in the signM 
spectrum v ~ v0/~efX0 where ~ef is the effective di- 
mensionless width of the discontinuity. 

w 4. Phys ica l  r e su l t s  f rom ca lcu la t ing  the s t r u c t u r e  
of a d iscont inui ty .  Numer ica l  in tegra t ion  of Eq. (1.20) 
together  with (1.16) and the co r re spond ing  boundary  

* Some of these estimates are given in [6], but there 

they are based on qualitative considerations~ The esti- 

mates given in our article follow from the general ex- 
pressions (3.1-3.3) and make allowance for energy rela- 
tions. 

$ F o r  example,  when 00~10~~ n o 6.1016 ern-3 ~0 
2 m m  Hg) we have D ~ 2 . 0 . 1 0 - 5  era, d=2 .0  o10-6 cm, 
or  when 00~107 ~ K n 0 ~ 6 - 1 0  I8 cm -3, D=6,,3 - ! 0  "6 cm, 
d ~ 4.4 o10-7o Such condi t ions  a re  typical  of p inchef fee t  
in  the dense p l a s m a  desc r ibed  in [15]o 
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condit ions makes  it  poss ib l e ,  in p r inc ip le ,  to find all 

quant i t ies  d e s c r i b i n g  the s t r u c t u r e  of a d i scont inu i ty  

for  any pa i r  of va lues  of the p a r a m e t e r s  ut and e .  The 
funct ions t(~) and u(~) computed in this manne r  can be 
lumped with the funct ions 7r(~), e(~), and a(}) if we 
use  (1.14), (3.5), and (3.6), r e s p e c t i v e l y .  The table  
g ives  ce r t a in  c h a r a c t e r i s t i c  quan t i t i e s ,  i . e .  , the e f -  
f ec t ive  width of the d i scont inu i ty  }e f , *  and the ini t ia l  
and final  ion t e m p e r a t u r e s  t o and t 1. For  each value  of 
the d imens ion l e s s  ve loc i ty  behind the d i scont inu i ty  u l, 

t h r ee  c h a r a c t e r i s t i c  va lues  a r e  chosen for the d i m e n -  
s ion less  e l e c t r o n  t e m p e r a t u r e  ~.  Here  the e x t r e m e  

va lues  of q~ will  be the m a x i m u m  ones poss ib le  (as is 
c l e a r  f r o m  Fig.  1 where  all v a r i a n t s  in the table  a r e  
denoted by c i r c l e s ) .  It i m m e d i a t e l y  fol lows that  all  

va r i an t s  with ~ = 0 have no i m m e d i a t e  phys ica l  m e a n -  
ing s ince  in this case  the assumpt ion  that  the d i s con -  

t inui ty  be i s o e l e e t r o n  t h e r m a l  is not jus t i f ied .  F r o m  
the r e l a t i onsh ip  between the ion and e l e c t r o n  t h e r m a l  
conduct iv i ty  coe f f i c i en t s ,  

(4.1) 
,7 '/ /'he k% [ t \'V~, /n~,~\','~ [ t~ "~'/, 

i t  fol lows that  to jus t i fy  the assumpt ion  that  the d i s -  

continuity be i s o e l e c t r o n  t h e r m a l  we mus t  have 

~ (mJM)'/, t~. (4.2) 

However ,  it is ea sy  to s ee  that  condit ion (4.2) will  
be n e c e s s a r y  but not suff ic ient  s ince  the e l e c t r o n  t e m -  
p e r a t u r e  is not equa l i zed  ins tantaneously .  For  this 
r e a s o n ,  l ines  in the table  with ~ = 0 only s e r v e  to e s -  
t ima te  the ef fec t  of the p l a s m a  e l e c t r o n  component  on 

the s t r u c t u r e  of the v i scous  discont inui ty .  With this  in 
mind,  we can c o m p a r e  l ines  with r ='0 with the a v e r -  

age l ines  for  which t o < r < tj. ~ 'nen c o m p r e s s i o n  is 
constant  and the p r e s s u r e  of the e l e c t r o n  component  of 
the p l a s m a  is on the o r d e r  of the i on -componen t  p r e s -  
s u r e ,  t he r e  is a d e c r e a s e  in the width of the d i s con -  

t inui ty  by a fac to r  of 2 or  3. C l ea r ly ,  the ma in  r e a s o n  
for  the d e c r e a s e  in }ef is the d e c r e a s e  in the f ini te  
ion t e m p e r a t u r e  t 1. A c c o r d i n g t o  (1.20), ~ef ~ ts[ 2 
(more  exac t ly ,  if  we shif t  f r o m  the case  ~ = 0 to the 
case  ~ ~ t 1) t he re  is a sma l l  coun te rba lanc ing  effect  
due to the d e c r e a s e  in the denomina tor  on the r i g h t -  
hand side of (1.20). Inc iden ta l ly ,  with (1.17) and {1.18) 
it is easy  to show that throughout  the r eg ion  of e x i s -  

t ence  of the solut ion (Fig. 1), 

~t~/~ ~ O, Ot.o/O~ ~ O, Ot~/8~, ~ O. (4.3) 

The l ines  of the table with l a r g e s t  ~0 a lso  do not have 
any phys ica l  mean ing ,  but for  a comple t e ly  d i f fe ren t  

r e a s o n  than the l ines  with ~o = 0. In these  v a r i a n t s ,  
because  of the e x t r e m e l y  sma l l  va lues  of ~ e f ,  e l e c -  
t r o s t a t i c  f ie lds  and space  cha rges  a re  obtained which 
a re  much  g r e a t e r  than t he i r  c r i t i c a l  va lues ;  these  can 
be e s t i m a t e d ,  for  e x a m p l e ,  with (3.12) and (3.13). All 
t hese  va r i an t s  c o r r e s p o n d  to a ze ro  in i t ia l  ion t e m -  
p e r a t u r e  t o = 0. This  s i tua t ion  does not occur  for  a 
s t a t i ona ry  shock -wave  s t r u c t u r e  in a p l a s m a ,  because  
owing to e n e r g y  exchange by co l l i s ion  and the mino r  

amount  of p l a s m a  c o m p r e s s i o n  ahead of the v i scous  

d iscont inui ty  the ion t e m p e r a t u r e  becom es  nonzero.  

The d iscont inui ty  cons ide red  above also cannot occur  
in the s t a t i ona ry  case  when ~ = 0. As shown in [4], 

for  Z = 1 and A = I (hydrogen p lasma)  we have t o < ~ < 
< t 1. If, however ,  Z = 3 and A = 7 (l i thium p lasma) ,  
the values  of ~ a r e  somewhat  l a r g e r  so that  they fall  

within the l i m i t s  t o < ~/3 < t 1. The c r o s s e s  in Fig. 1 
r e p r e s e n t  those  p a r a m e t e r s  of v i scous  d iscont inu i t ies  
obtained for s t a t iona ry  shock waves in [4]. The two 

c r o s s e s  above the in t e rva l  t o < ~ < t 1 apply to the case  
Z = 3  a n d A =  7. For  s t i l l  l a r g e r  va lues  of Z, the v a l -  

ues of ~ will  be even h igher .  In the case  of an u n l i m -  
i tedly  s t rong  s t a t i ona ry  shock wave the p a r a m e t e r  u 1 = 
= 0.320 for  Z = 1 and A = 1, while u 1 = 0.385 for  Z = 3 
and A = 7 (see Fig. 1). T h e r e f o r e ,  the l a s t  l ine in the 

table  with u 1 = 0.25 a lso  has no meaning .  
Thus,  r e m e m b e r i n g  that our p r i m a r y  conce rn  is  

with a s t a t iona ry  shock wave in a p l a sm a ,  we turn  our 
a t tent ion to the data  in the table  for  ave r age  values  of 

It is of  i n t e r e s t  to com pa re  the d i f fe ren t  r eg ions  in 
which the s t a t i ona ry  shock wave occu r s .  We can l i m i t  
o u r s e l v e s  to the case  of a hydrogen p l a s m a  where  Z = 
= 1 and A = 1, because  h e r e  the width of the v i scous  

d iscont inui ty  is r e l a t i v e l y  at a m a x i m u m  owing to the 
va r ious  dependences  of the e l e c t r o n  and ion mean  f r ee  
paths on the ion charge  Z. For  two typical  c a se s  we 
give the ef fec t ive  widths of the s t a t iona ry  shock-wave  
s t r u c t u r e  before  the d iscont inui ty  A~I and af te r  the 
d i scont inu i ty  A~ 2, as well  as the e f fec t ive  widths of the 
d iscont inui ty  i t s e l f  (}ef), the va lues  of the total r e -  
v e r s e  c o m p r e s s i o n  u~ (denoted in [4] as u2), and the 

va lues  of the r e v e r s e  c o m p r e s s i o n  in the d iscont inui ty  

Ul: 

0.75 2.9 1.1 1.O 0.58 
0.~2 0.14_ 0 .048  0.022 ~ 0.25 

The quant i t ies  A~ 1 and A~ 2 a re  taken f rom [4] but 
a r e  g iven in t e r m s  of the unit of length in this a r t i c l e  
(1.19). The va lues  of ~ef a r e  obtained by i n t e r p o l a -  
tion between the l ines  of the table c l o s e s t  to u i (we 
can ignore  the d i f f e r ence  in the va lues  of the p a r a m -  
e t e r  q~). As is c l e a r  f r o m  these  data,  for a w e a k s h o c k  
wave  (upper row) }ef ~ A~2; even in this c a se ,  how- 
e v e r ,  the e l ec t ron  t e m p e r a t u r e  v a r i e s  l i t t l e  over  a 
length ~A~ 2 (see Fig. 6 in [4]). Thus,  we can a s s u m e  
the i s o e l e c t r o n  t h e r m a l  condit ion is in effect  al though 
t he r e  is no g r e a t  d i f f e rence  between ~ef and A~2 (and 
A~l). The data  p r e s e n t e d  a re  conf i rmed  qua l i t a t ive ly  
by n u m e r i c a l  ca lcu la t ion  (see Fig. 10 of [10] and Fig. 

1 of [ 9 ] ) .  
In addit ion,  cons ide r  c r i t e r i o n  (3.13), which indi -  

ca tes  a r a t h e r  low deg ree  of p l a s m a  e l e c t r o s t a t i c  po-  

l a r i za t ion .  For  this pu rpose ,  the table  g ives  values  

* The e f fec t ive  width of the d iscont inui ty  ~ef i s  a r b i -  
t r a r i l y  def ined he re  as the d is tance  be tween  two points  
of the d i scont inu i ty  s t r u c t u r e  with u~= 0.99 and u~ = 

u i + 0.01. 
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f o r  tcr[. =10ago -4 ( in a c c o r d a n c e  w i t h  (3 .12)  and  e s t i -  

m a t e d  m a x i m u m  v a l u e s  f o r  l a l m a x  f o r  u 1 and  go. It  i s  
c l e a r  f r o m  t h e  t a b l e  t h a t  c r i t e r i o n  (3 .13)  i s  s a t i s f i e d  
w i t h  g r e a t e s t  r o o m  to  s p a r e  e v e n  w h e n  u 1 = 0.3.  As  

f o l l o w s  f r o m  t h e  c a l c u l a t i o n s ,  e l e c t r o s t a t i c  p o l a r i z a -  
t i o n  of  t h e  d i s c o n t i n u i t y  h a s  a v e r y  s i m p l e  d i p o l e  s t r u c  

t u r e  w i t h  a l e a d i n g  n e g a t i v e - c h a r g e  m a x i m u m  r o u g h l y  

Q~ 0 
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t w i c e  a s  g r e a t  a s  t he  s u c c e s s i v e  p o s i t i v e - c h a r g e  m a x -  

i m u m  (](rminl ~ 2 ~ m a x ) .  F o r  a m u l t i c h a r g e  p l a s m a ,  a 
was  s h o w n  fo r  Z = 3, t he  p a r a m e t e r  go l i e s  a b o v e  t he  

i n t e r v a l  t o < ~ < t~. H e r e  ~ef  d e c r e a s e s  a n d t  tCrimax 

i n c r e a s e s ;  t h i s  i n c r e a s e  i s  r o u g h l y  p r o p o r t i o n a l  to 
In general, however, the c itioal val, e of I 1,, 

a!so increases since 

(4) ~ o: 
po Z 3 (Z + 1) 

and  t he  t e m p e r a t u r e  0 0 f o r  a g i v e n  d e n s i t y  P0 m u s t  be 
c o n s i d e r a b l y  g r e a t e r  f o r  a m u l t i c h a r g e  p l a s m a .  A 

m o r e  d e t a i l e d  a n a l y s i s  p e r f o r m e d  fo r  t he  s p e c i f i c  c a s e  
of l i t h i u m  p l a s m a  s h o w s  t h a t  t h e  r e l a t i o n  b e t w e e n  

I ~ l m a  x and  ]a] ,  r e m a i n s  a b o u t  t he  s a m e  as  f o r  a h y d r o -  
gen  p l a s m a .  

N e v e r t h e l e s s ,  i f  c r i t e r i o n  (3.13)  i s  v i o l a t e d  fo r  any  

r e a s o n ,  t he  p r e c e d i n g  m e t h o d  of c o n s i d e r i n g  t he  s t r u c -  

t u r e  of a v i s c o u s  i s o e l e c t r o n  t h e r m a l  d i s c o n t i n u i t y  is  

no l o n g e r  a p p l i c a b l e .  It  wou ld  t h e n  be  n e c e s s a r y  to 

s o l v e  a c o n s i d e r a b l y  m o r e  c o m p l e x  p r o b l e m  w i t h  a l -  

l o w a n c e  in t he  i n i t i a l  e q u a t i o n s  fo r  t he  d i f f e r e n c e  in 
e l e c t r o n  and  ion  v e l o c i t i e s  and  d e n s i t i e s .  In o t h e r  

w o r d s ,  i t  wou ld  b e  n e c e s s a r y  to a l l o w  f o r  t he  c o u n t e r -  

ing  e f f e c t  of t he  e l e c t r i c  f i e l d  on  p l a s m a  m o t i o n .  T h i s  

w a s  done  in [16] f o r  s o m e  p a r t i c u l a r  c a s e s .  We c a n  

u, ~ ~ef f,, tl lol. lolmax 

0.8 

0.7 

0.6 

0.5 

0.~ 

0,3 

0.25 

0.795 
0.~95 

0.686 
0.~60 

0.572 
0.~20 

0.449 
0.t70 

0 

0.308 
0.~20 

0.t28 
0.080 

0 

0 

4.2.10-~ 
1.43 
4.08 

8.2.10 -6 
0. 672 
t.99 

7.0.10-5 
0:316 
0.944 

3.96.10-4 
0.143 
0.402 

t.78.t0-3 
5.46-10 4 

0. t40 

7.17.t0-a 
t .44.10 -2 
3.38- t0 -~ 

1 . 4 5 . 1 0  ~2 

0 
0.278 
0.443 

0 
0,225 
0.362 

0 
0.173 
0.282 

0 
0,t25 
0.201 

0 
7.4.t0 4 
0.t21 

0 
1.5 .-10 -~ 

4. tO-Z 

0 

1.06.10-3 
0.320 
0.508 

4.02.t0-3 
0.286 
0.458 

t.09.10-2 
0.253 
0.403 

2,52.10-2 
0.224 
0.345 

5.4-t0-~ 
0.194 
0.283 

0.t02 
0. t55 
0.217 

0.t82 

t. 32.10 J-o 

2.19.10 ~0 

4.20.10 lo 

1.t9.t011 

4.85.t0zI 

2.44, t012 

0.4 

30 

3.102' 

6 . t0~  
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expect (3.13) to be violated, for example, in the com- 

plex structure of a nonstationary shock wave or in the 

case of a very dense plasma in which the ratio d/D 
increases and approaches unity. 

More detailed information as to the structure of a 

viscous isoelectron thermal discontinuity is given in 
Figs. 2-4, where profiles of the functions t, u, e, 

and ~ are constructed as functions of the coordinates 

~. Here the various figures differ in the values for the 

finite plasma velocity ul; these values are respec- 

tively 0.7, 0.5, and 0.3. Values for the parameter q~ 
are chosen in the same manner as in the table. 

In conclusion, the author expresses his apprecia- 

tion to V. F. D'yachenko for his valuable comments 

and to V. S. II~in, who integrated the equations nu- 

merically and constructed the graphs. 
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